
Functional Maps

1

Ovsjanikov, M., Ben-Chen, M., Solomon, J., Butscher, A., & Guibas, L. (2012). Functional maps: a flexible representation of maps between shapes. ACM Transactions 
on Graphics (ToG), 31(4), 1-11.
Sharp, N., Attaiki, S., Crane, K., & Ovsjanikov, M. (2022). Diffusionnet: Discretization agnostic learning on surfaces. ACM Transactions on Graphics (TOG), 41(3), 1-16.

Seminar: 3D Shape Matching and Applications in Computer Vision

Yizheng Xie

Organisers: Viktoria Ehm, Maolin Gao

A Flexible Representation of Maps Between Shapes



2

Outline
1 Intuition

2 Functional Map Fundamentals

3 Historical Background

4 Applications

5 Conclusions & Future Work

Ovsjanikov, M., Ben-Chen, M., Solomon, J., Butscher, A., & Guibas, L. (2012). Functional maps: a flexible representation of maps between shapes. ACM Transactions 
on Graphics (ToG), 31(4), 1-11.
Sharp, N., Attaiki, S., Crane, K., & Ovsjanikov, M. (2022). Diffusionnet: Discretization agnostic learning on surfaces. ACM Transactions on Graphics (TOG), 41(3), 1-16.



3

Small          Accurate          Efficient          Flexible

Introduced in 2012
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https://groups.csail.mit.edu/gdpgroup/6838_spring_2021.html

Extensively studied for the past decade

Introduced in 2012

… and more

[Rodolà et al. 2017]

[Huang et al. 2019] [Cao et al. 2023]

[Wang et al. 2013]

[Melzi et al. 2019]Donati et al. 2020[Yi et al. 2017][Eisenberger et al. 2020]

[Donati el al. 2022] [Ren et al. 2019]
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2023 Test-of-Time Award

Aug. 2023
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1 Intuition



Background

8
Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).

Rigid alignment constraint is a 4x4 matrix Non-rigid, no compact constraint
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Rigid Non-rigid 
4x4 Rt kxk C 

aligns
xyz
coordinates

aligns
spectral
embeddings= =

Solution Space

Alignment to 
correspondences

Alignment to 
correspondences

Search for 
Nearest Neighbor
in xyz
coordinates 

Search for 
Nearest Neighbor
In spectral 
embeddings

Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).
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F = a0 ∗ 𝜙0 + 𝑎1 ∗ 𝜙1 +⋯

1D Continuous Fourier Analysis

http://www.ritchievink.com/blog/2017/04/23/understanding-the-fourier-transform-by-example/
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Fourier Image analysis:

Discretized 2D Grid / Image

Rippel, O., Snoek, J., & Adams, R. P. (2015). Spectral representations for convolutional neural 
networks. Advances in neural information processing systems, 28.
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Fully encodes image information into frequency coefficients

https://medium.com/crossml/fourier-transformation-in-image-processing-84142263d734
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Image compression:

Truncated coefficients to only low frequency
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)=

From coefficients to reconstructed image

Each column 
vector represents 
an entire image

Fourier Basis 
Functions are 
orthogonal
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)=

From an image, project to spectral coefficients
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Same idea to 3d shape correspondence?
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Eigenfunctions of the Laplace-Beltrami Operator
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Eigenfunctions of the Laplace-Beltrami Operator

They are also orthogonal



23Chladni plate patternshttps://youtu.be/wvJAgrUBF4w
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LBO Basis functions are 
defined for any shape 
surface

https://brickisland.net/DDGSpring2021/2021/04/20/lecture-18-the-laplace-beltrami-operator/
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)=
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Goal:

Given two shapes, encode correspondence into a small matrix accurately

Point map/ permutation matrix

Can transfer/pull functions(colors/texture) from one shape to another
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=

A functional map 
is a rank-k 
approximation of 
a point map
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=

A functional map 
is a rank-k 
approximation of 
a point map
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=

A functional map 
is a rank-k 
approximation of 
a point map
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Source Target

One is ground truth point map
One is functional map
Can you tell?

Texture 
transfer 
example

Sharp, N., Attaiki, S., Crane, K., & Ovsjanikov, M. (2022). Diffusionnet: Discretization agnostic learning on surfaces. ACM 
Transactions on Graphics (TOG), 41(3), 1-16.

30x30 
functional map



43Sharp, N., Attaiki, S., Crane, K., & Ovsjanikov, M. (2022). Diffusionnet: Discretization agnostic learning on surfaces. ACM 
Transactions on Graphics (TOG), 41(3), 1-16.

30x30
functional map

150
Basis coefficients

Does it make 
sense?



44

2 Functional map 
Fundamentals



Approximation
of Point Map

45

Functional Maps



Approximation
of Point Map

46

Functional Maps

Focus on the input and 
output of the matrix

Focus on the elements of 
the matrix
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=

A point map transfer functions between 
two shapes

Focus on the input and 
output of the matrix
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=

Focus on the input and 
output of the matrix
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=

=

Focus on the input and 
output of the matrix
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=

=

Focus on the input and 
output of the matrix
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=

=

A functional map translates coefficients of 
functions between two shapes

Focus on the input and 
output of the matrix
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=

=

A functional map translates coefficients of functions between two shapes

A point map transfer functions between two shapes

Spatial 
domain

Spectral 
domain

Focus on the input and 
output of the matrix



Approximation
of Point Map

Aligns Bases

Translates coefficients

57

Functional Maps

Columns are coefficients of target basis

Focus on the elements of 
the matrix



Approximation
of Point Map

Aligns Bases

Translates coefficients

58

Functional Maps

Columns are coefficients of target basis

Focus on the elements of 
the matrix
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=



61

Each column 
is a coeffieint 
of the target 
basis 
function



Approximation
of Point Map

Aligns Bases

Translates coefficients
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Functional Maps

Columns are coefficients of target basis



Approximation
of Point Map

Aligns Bases

Translates coefficients

63

Functional Maps

Columns are coefficients of target basis
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Each column is the coeffieint that 
combines into the target basis 
function

A functional map are coefficients
that aligns two sets of basis 
functions together

Functional map aligns basis functions
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=

==
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=
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Functional map aligns basis functions
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Functional map aligns basis functions



Approximation
of Point Map

Aligns Bases

Translates coefficients

69

Functional Maps

Columns are coefficients of target basis



Approximation
of Point Map

Aligns Bases

Translates coefficients

70

Functional Maps

Columns are coefficients of target basis
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Properties of the eigenfunctions of the LBO

77

• Space spanned by the top basis functions 

are stable under near-isometries

• Sign flipping

• Eigenfunction order changes

Unstable under perturbations:

But:

Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). Computing and processing 
correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).



Definition of the Functional Map matrix

78
https://en.wikipedia.org/wiki/Linear_algebra

Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). Computing and processing 
correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).



Definition of the Functional Map matrix

79
https://en.wikipedia.org/wiki/Linear_algebra

• Functional Map translates function coefficients 

from one space to another



Definition of the Functional Map matrix
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Definition of the Functional Map matrix

81

• Functional Map are rank-k approximations of a 

Point Map under two basis functions
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Structure of the Functional Map matrix

• Over 94% of the values are below 0.1

• Diagonally funnel-shaped

Sparsity Pattern:

Ovsjanikov, M., Ben-Chen, M., Solomon, J., Butscher, A., & Guibas, L. (2012). Functional maps: a flexible 
representation of maps between shapes. ACM Transactions on Graphics (ToG), 31(4), 1-11.
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Structure of the Functional Map matrix

• Space spanned by the eigenfunctions are stable

• the functional representation naturally encodes 

such changes

• Due to high-frequency eigenfunction swaps

High-frequency perturbations:

But:

Ovsjanikov, M., Ben-Chen, M., Solomon, J., Butscher, A., & Guibas, L. (2012). Functional maps: a flexible 
representation of maps between shapes. ACM Transactions on Graphics (ToG), 31(4), 1-11.
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Accuracy of the Functional Map

Length of the shortest path, constrained not to leave 

the manifold.

Geodesic Distance:

https://groups.csail.mit.edu/gdpgroup/6838_spring_2021.html
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• In practice, somewhere between 20 to 100 basis 

are sufficient

Average mapping error vs. number of basis used

Accuracy of the Functional Map

Ovsjanikov, M., Ben-Chen, M., Solomon, J., Butscher, A., & Guibas, L. (2012). Functional maps: a flexible 
representation of maps between shapes. ACM Transactions on Graphics (ToG), 31(4), 1-11.
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Properties of Functional Maps

Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). Computing and processing 
correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).



87

Properties of Functional Maps

• Good Functional Maps are diagonal

• Good Functional Maps are orthonormal
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Properties of Functional Maps

Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). Computing and processing 
correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).
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3 Historical Background



Background

92
Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).

Rigid alignment constraint is a 4x4 matrix Non-rigid, no compact constraint



Spectral Rigid Alignment

94
Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).

Rigid alignment constraint is a 4x4 matrix Non-rigid, spectral rigid alignment 
constraint is a kxk matrix
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Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).

Rigid Non-rigid 

4x4 Rt kxk C 

aligns
xyz
coordinates

aligns
spectral
embeddings

Spectral Rigid Alignment



96
Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).

Rigid Non-rigid 

4x4 Rt kxk C 

aligns
xyz
coordinates

aligns
spectral
embeddings

= =

Spectral Rigid Alignment
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Ovsjanikov, M., Corman, E., Bronstein, M., Rodolà, E., Ben-Chen, M., Guibas, L., ... & Bronstein, A. (2016). 
Computing and processing correspondences with functional maps. In SIGGRAPH ASIA 2016 Courses (pp. 1-60).

Rigid Non-rigid 

4x4 Rt kxk C 

aligns
xyz
coordinates

aligns
spectral
embeddings

= =

Spectral Rigid Alignment
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100



101
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Rigid Non-rigid 
4x4 Rt kxk C 

aligns
xyz
coordinates

aligns
spectral
embeddings= =

Solution Space

Alignment to 
correspondences

Alignment to 
correspondences

Search for 
Nearest Neighbor
in xyz
coordinates 

Search for 
Nearest Neighbor
In spectral 
embeddings
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4 Applications
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https://groups.csail.mit.edu/gdpgroup/6838_spring_2021.html

Extensively studied for the past decade

Introduced in 2012

… and more

[Rodolà et al. 2017]

[Huang et al. 2019] [Cao et al. 2023]

[Wang et al. 2013]

[Melzi et al. 2019]Donati et al. 2020[Yi et al. 2017][Eisenberger et al. 2020]

[Donati el al. 2022] [Ren et al. 2019]
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2017

2020

2023

2018

2019

2020

Shape Matching

Map Refinement

Deep Funtional Maps

Applications

2012

[Melzi et al. 2019]

[Cao et al. 2023]

Donati et al. 2020

[Litany et al. 2017]
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Map Refinement

2012

Map Refinement: ICP

1. Correspondence

(Point Map)

2.       Rigid Alignment

(Functional Map)

Initial Map:
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Map Refinement

2012

Map Refinement: ICP

Source         Baseline After

Color Error Visualization
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Map Refinement

2012

Map Refinement

2018

2019

2020
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Map Refinement

2018

Map Refinement

Advanced, but complicated
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Map Refinement

2012

Map Refinement

2018

2019

2020

Simple, effective

Melzi, S., Ren, J., Rodola, E., Sharma, A., Wonka, P., & Ovsjanikov, M. (2019). Zoomout: Spectral upsampling
for efficient shape correspondence. arXiv preprint arXiv:1904.07865.
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Map Refinement

2019

Map Refinement: 
ZoomOut

1. Correspondence

(Point Map)

2.       Rigid Alignment

(Functional Map)

Initial Map:

while spectrally upsampling

Melzi, S., Ren, J., Rodola, E., Sharma, A., Wonka, P., & Ovsjanikov, M. (2019). Zoomout: Spectral upsampling
for efficient shape correspondence. arXiv preprint arXiv:1904.07865.
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Map Refinement

2019

Map Refinement: 
ZoomOut

Melzi, S., Ren, J., Rodola, E., Sharma, A., Wonka, P., & Ovsjanikov, M. (2019). Zoomout: Spectral upsampling
for efficient shape correspondence. arXiv preprint arXiv:1904.07865.
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Map Refinement

2019

Map Refinement: 
ZoomOut

Melzi, S., Ren, J., Rodola, E., Sharma, A., Wonka, P., & Ovsjanikov, M. (2019). Zoomout: Spectral upsampling
for efficient shape correspondence. arXiv preprint arXiv:1904.07865.
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Map Refinement

2019

Map Refinement: 
ZoomOut

Melzi, S., Ren, J., Rodola, E., Sharma, A., Wonka, P., & Ovsjanikov, M. (2019). Zoomout: Spectral upsampling
for efficient shape correspondence. arXiv preprint arXiv:1904.07865.
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2017

2020

2023

2018

2019

2020

Shape Matching

Map Refinement

Deep Funtional Maps

Applications

2012

[Melzi et al. 2019]

[Cao et al. 2023]

Donati et al. 2020

[Litany et al. 2017]
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Shape Matching

Shape Matching

2012

Translates coefficients

Given two shapes, find a map
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Shape Matching

Shape Matching

2012

Given two shapes, find a map
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Shape Matching

Shape Matching

2012

Given two shapes, find a map

1. Feature Descriptors

2. Feature coefficients

=3. Solve and some 
regularization
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Shape Matching

Shape Matching

2012
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Shape Matching

Shape Matching

2012

Given two shapes, find a map

2017

2020

2023

Deep Funtional Maps
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Shape Matching

1. Feature Descriptors

2. Feature coefficients

=3. Solve and some 
regularization

Cao, D., Roetzer, P., & Bernard, F. (2023). Unsupervised learning of robust spectral shape matching. ACM 
Transactions on Graphics (TOG). https://doi.org/10.1145/3592107



138Cao, D., Roetzer, P., & Bernard, F. (2023). Unsupervised learning of robust spectral shape matching. ACM 
Transactions on Graphics (TOG). https://doi.org/10.1145/3592107

Shape Matching

Shape Matching

2023
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Shape Matching

Near isometries are near perfect



142Cao, D., Roetzer, P., & Bernard, F. (2023). Unsupervised learning of robust spectral shape matching. ACM 
Transactions on Graphics (TOG). https://doi.org/10.1145/3592107

Shape Matching

1. 200 basis functions
2. Point Map + Functional Map
3. Unsupervised Test Time Adaptation

4. Extensive evaluations
5. …

Very well 
execution
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Failure Case

Shape Matching

Partiality          Extreme Non-isometry        Topological Noise



5. Summary

156



157

Small          Accurate          Efficient          Flexible

Functional Maps



Approximation
of Point Map

Aligns Bases

Translates coefficients

158

Functional Maps

linear, compact 
and flexible

Columns are coefficients of target basis
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Rigid Non-rigid 
4x4 Rt kxk C 

aligns
xyz
coordinates

aligns
spectral
embeddings= =

Solution Space

Alignment to 
correspondences

Alignment to 
correspondences

Search for 
Nearest Neighbor
in xyz
coordinates 

Search for 
Nearest Neighbor
In spectral 
embeddings
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Failure Case

Shape Matching

Partiality          Extreme Non-isometry        Topological Noise
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Limitations & Future Work

1. Partiality, Non-isometry, Topological Noise

2. Non-rigid Noisy Point Cloud

3. Runtime (eigen problem 1~2 seconds)

4. Unsupervised feature learning

5. …
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30x30
functional map

150
Basis coefficients Does it make 

sense?
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